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Probabilistic Guarded Command Language (pGCL)

opgcl = L | €%
| x:~D or x:=expr "Assign (o = o pmf)”
| piip2
| p1lp2
| ITEgpip2 g :: o = bool
|

WHILE g DO p
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Automata with probabilistic and non-deterministic choice

K:: o= o pmf set Ks # 0

o6

Construct maximal expectation ]ESU‘] of a (cost) function f:

Efl= || | Ew f(t-w)] dD
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Theorem (Transfer rule for least fixed points)

LI—continuous o, f, g al=1 aof=goa
allfpf)=1fpg

I’E(p’s)[COStstream f1=Ilfp <|_| / cost) ps
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p1;p2 — Antlsymmetry then fixed point induction
1,5 [COStstream ( (P2, )[COStstream M=
IAE(!)'\:D;,S)[COStStream ﬂ
WHILE g DO p; - Fixed point massaging

O

- Operational semantics & Correspondence ~ 330 lines of theory
- Central to our proof: Expectation as fixed point
- [KKMO 2016]: Expectation as sums over all paths
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Simple Symmetric Random Walk - [KKMO]

How do Kaminski, Katoen, Matheja, and Olmedo prove it?

- ert (ssrwj) L i has lower w-invariant I, 1 < ert STEP /,;:
[h=1+]0<x<n] o0

- They need to prove this equation:
T+ [x>0]-24[1<x<n+1-00+[0<x<n—1]-00=
T+ [x>0]-24+[0<x<n+1] o

Fails for x=1and n = 0.

1
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Operational semantics - trace representation

N

Use H 1] = Essrw j,i)[COStstream] to prove

Hij=Hik+Hkj for i<k<j

ThenderiveHlj:oofor/';éj\/
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Coupon Collector

| N times
x:=0,i:=0,cp:=[F,...,Fl; c=0b=F
WHILE x < N DO X—C WHILE ¢ < N DO
WHILE cpl[i] DO cpli] — b WHILE b DO
i~ U, ND); lcp| = x b :~ B(x/N);
cpli] :==Tyx:=x+1 b:=T,c:=c+1

I

ertCCy0s=2+N- (4+2%L1).

KKMO use loop invariants to prove running time
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Conclusion & Future Work

- Relating denotational and operational semantics

- Explore use cases where this relation simplifies proofs
Loop invariants are not always enough

- Explore: Probabilistic relational Hoare logic (pRHL) +
non-determinism



