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Hierarchy of Probabilistic System Types
Ana Sokolva — Coalgebraic Analysis of Probabilistic Systems (2005):

4.4 The hierarchy
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Figure 4.2: Hierarchy of probabilistic system types
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Hierarchy of Probabilistic Systems Types

How to ...
... model system types? Coalgebras
... compare systems of same type? Bisimulation

... compare different system types? Embedding respecting bisimulation

... formalize it in Isabelle/HOL? codatatype +
Probability Mass Func. +
Eisbach
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Coalgebras

v

Functor F describes the system type

v

Examples:

Deterministic System « x (8= 0)
Non-Deterministic System « x (8 =0 set)

v

System (o, s) of type F:

type of states,
s: o= o0 F transition system

» (o,s) is a F-coalgebra
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Bisimulation

F =ax (O pmf)

OO

0.5 éo 5
— 0.5 —{ 0
0.5

» Expresses observational equality
» Bisimulation relation  :: (o x 7) set for a system type F:

@)
:

0.5 0.5

@7@

V(x,y) € R. (sx,ty) € relg

» State x in system s is bisimilar to state y in system ¢t iff
3 bisimulation relation < with (x,y) €
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Coalgebras in Isabelle/HOL

Idea: Analyse transition systems modulo bisimulation!

Equality :<= Bisimulation

How to model all F-coalgebras as type?

codatatype 7 = C (7¢ F)

Example (Labeled Markov Chains where F = o x [0 pmf):

codatatype o mc = MC (a x o« mc pmf)
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Traytel, Popescu & Blanchette: Foundational, compositional (co)datatypes for HOL

Codatatype only allows nesting through BNFs:

» Examples: products, sums, functions, lists
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Bounded Natural Functors (BNFs)

Traytel, Popescu & Blanchette: Foundational, compositional (co)datatypes for HOL

Codatatype only allows nesting through BNFs:

» Examples: products, sums, functions, lists

» Has map and set functions:

mapr @ (c=71)=0 F=71F
setr 1 o0 F= o0 set

» Bound « on the elements |setr x| < k

» Has relator lifting relations 7 component wise:

rele :: (o0 X 7) set= (0 F x 7 F) set
rele R := {(mapg m1 z,mapr mp z) |z :: (0 x T) F. setp z C R}
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Bounded Natural Functors |BNFs|

R = {(ai), (b)) (e, k), (d. )}

(d. 1)
|
)] [k

relp :: (0 X 7) set= (0 F x T F) set
rele R :={(mapr m1 z,mapg 72 z) | z:: (0 X 7) F. setp z C R}

relr Rorelp Q C relr (Ro Q)

Halzl, Lochbihler & Traytel A Formalized Hierarchy of Probabilistic System Types ITP 2015 9 /19



Bounded Natural Functors |BNFs|

R ={(a,i), (b)), (c, k), (d, 1)}

(d,1)

(¢, k)

relp :: (0 X 7) set= (0 F x T F) set
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BNF: Bounded Sets
To model non-determinism we need sets!

» Problem: Bound of | X :: o set| depends on o
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BNF: Bounded Sets
To model non-determinism we need sets!

» Problem: Bound of | X :: o set| depends on o
» Introduce type o set® of sets bounded by x: | X :: o set®| < k
Map is direct image
Set is identity
Bound is k, needs to be infinite!
— wrong claim in previous publications

Relator (Vae€ A. 3be B. (a,b) € R)A(Vbe B. Ja€ A. (a,b) €

A B

—_ [
B N—_|
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BNF: Probability Mass Function

Model probabilistic transitions!

M::U:>[071]7 ZX/“LX:l
W o measure, uU =1, discrete

W o pmf

~
~
~
~

Similar to Audebaud & Paulin-Mohring (2009)
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Proving the Relator Property

reloms 2 0 relome Q C relpms (R o Q)

lines
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406 Sokolova's thesis

b Using mappms
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Proving the Relator Property

relomf K 0 relpme O C relome (R o Q)

lines
577

a Elementary, based on A.
406 Sokolova's thesis

337 b Using mappms
c Based on Jonsson et al.

d Using mappms, bindpms,

and condpm¢

101 e Zanella et al. in Coq

46
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System Types

Name

Markov chain
Labeled MC
Labeled MDP

Det. automaton
Non-det. automaton
Reactive system
Generative system
Stratified system
Alternating system
Simple Segala system
Segala system
Bundle system
Pnueli-Zuck system
Most general system

Halzl, Lochbihler & Traytel

Functor

o pmf

a X o pmf

a x o pmf setf

o = o option

(a X o) set”

a = o pmf option

(o X o) pmf option

o pmf+ (a x o) option
o pmf+ (a X o) set”
(a x o pmf) set”

(o x o) pmf set”

(a x o) set™ pmf

(o X o) set™ pmf set"
(o X 0 + o) set™ pmf set™

A Formalized Hierarchy of Probabilistic System Types

Codatatype

mMcC

o LMC

o LMDP:
o DLTS
o LTS*

o React
o Gen

o Str

o AltF

o SSeg”
« Seg®

a Bun®

o PZF1 k2
o MGELR2
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Hierarchy of Probabilistic System Types
Ana Sokolva — Coalgebraic Analysis of Probabilistic Systems (2005):

4.4 The hierarchy

f

}

DLT MC

Figure 4.2: Hierarchy of probabilistic system types
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Proving the Hierarchy in Isabelle/HOL

G is at least as expressive as F, iff
dG.of F::0 F=0 G
preserving and reflecting bisimilarity

Lift to G.of F:: 7r = 7¢
G_of F is injective

by coinduction
(proof method in Eisbach)
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Hierarchy

o option PZF1: 52 —— o MGFL 52
K<K1 K<K2

7 AN
« option Bun® « option Seg”

AN
[ « option SSeg”

a Gen « SSeg” o Alt®

/ 1
o LMDP?| o set<k o Str
/ 1

a LTS o LMC « React MC
@ set<;\ /
- a DLTS
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Hierarchy of Probabilistic System Types
Ana Sokolva — Coalgebraic Analysis of Probabilistic Systems (2005):

4.4 The hierarchy

f

}

MC

Figure 4.2: Hierarchy of probabilistic system types
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Problem with Vardi Systems

» Var® = (a x O) pmf+ (o x O) set®
with: returnpms (a,s) = {(a,s)}
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Problem with Vardi Systems

» Var® = (a x O) pmf+ (o x O) set®
with: returnpms (a,s) = {(a,s)}
» Couldn’t prove that this is a BNF!

» Bisimulation not transitive: rely,, X o relyy Q € relya, (

..D A el .,.A = 1N relpmf

o) o
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Problem with Vardi Systems

v

Var® = (a x O) pmf+ (a x O) set”
with: returnpms (a,s) = {(a,s)}
Couldn’t prove that this is a BNF!

v

Bisimulation not transitive: rely,, K o rely,, QO € rely,, (Ko Q)

v

|:| A ,relset A ) : A re{pmf

O O

v

Approach not possible
That is even a flaw in the original proof!
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Conclusion

» Formalized hierarchy of probabilistic systems types

a option PZr %2 a MG "2
n’SM/v v\nﬁﬂz
« option Bun® ’ a option Seg”

a option SSeg”

a Gen « SSeg” o AltF

/e !
o LMDP" | o set<x o Str
/ !
o LTS® a LMC @ React MC
o set<r
a DLTS
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Conclusion

» Formalized hierarchy of probabilistic systems types

« option PZr:*2 a MG "2
»»'Sr»n/v v\niﬂz
« option Bun® a option Seg”

a option SSeg”

a Gen « SSeg” o AltF

4 !
« LMDP" | a set<s o Str
o LTS" a LMC « React mC
a set<k
a DLTS

» Found two flaws:
» Bisimulation on Vardi systems is no equiv. relation
» Bounded sets are BNFs for x > RNy

codatatype + PMF 4 Eisbach = Hierarchy
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